Math 4326 Rotations, Projections 
Fall 2018 and Reflections 


This is a set of notes about projections, reflections and rotations in R?. Some of this 
material in in Section 1.9 of our textbook. I will begin with rotations, which are pretty much 
what you would expect: A rotation through an angle @ (about the origin) views that point 
as being on a circle centered at the origin and moves it along the circle an angle of @. 
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How do we get the transformation that does this? In class, I said the following: Given 
a point (x,y), put it into polar form: (r,0) where x = rcosa and y = rsina. Then the 
rotated form has a new x-coordinate rcos(œ + 0) and new y-coordinate r sin(a + 0). The 
addition formulas for sine and cosine give 


Ro(x,y) = (r cosa cos @ — r sin a sin 9, r sina cos @ — r cos œ sin 0) 


= (x cos 0 — ysin 0, —x sin 0 + y cos 0). 
In vertical format, we can write this in matrix form: 
r(*) E ( T cos Ë — ysin ) _ te ne C) 
y —xsin@ + ycosé sin cos @ y 
Slightly easier is to check what the rotation does to the two basis vectors (1, 0) and (0, 1): 
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The point o rotates to so this is the first column of the matrix of the transfor- 


— sin 0 


mation. On the other hand, 0 rotates to 
1 cos 0 


is the second column of our matrix, giving the same answer as before. For example, if you 
want to rotate through 150°, the transformation that does it is 


(E va) G) 


The rotation matrix formula should just be memorized. 


) by some simple trigonometry. This 


Projections and reflections are similar. For the projection onto a line, given a line, l 
through the origin, we want a mapping that takes a point as input and moving perpendicular 
to l, gives the resulting point on that line. That is, for a point not on a line, we want the 
point on that line closest to that given point. For the reflection, we move through the line 
to get a point an equal distance on the opposite side. As mentioned in class, one way to find 
a formula for a reflection is as follows: Given a line l and a point P, 
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we construct the line through P perpendicular to the line. Where this new line intersects / 
is the projection, the point Q. If we keep moving the same distance through l, we get the 
reflected point, R. 
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If l is the line y = 5a and the point is ( b 


26 lgtb 


J then the line perpendicular to l through 6 
is y—b = —3(a—a). This intersects l when 5z —b = —4 (x —a) = — tz + ża, or 2a = ga 
That is, z = Za + žb, and y is 5 times this or y = ža + 2. If we are projecting the point 


C) instead of G then we can write this 


e-a DO 
y 267 T 2Y 23 26/ \Y 

A matrix of a projection is called a projection matrix. It has an interesting property: 
if A is a projection matrix then A? = A. You should check that this works for the matrix 
above. The reason for this: If you project only a line, and then do it again, you get the same 
point on the line. that is, if v is a point on the line, then Av = v. Both columns of A are 
points on the line, so multiplying either by A does not change them. You should check that 
for a projection onto a line in R?, the range is the line, and the kernel is another line, the 
line perpendicular to the given line, and passing through the origin. In this case, the kernel 
of the transformation is the set of points on the line y = == 


There is a second approach to finding the projection: As I mentioned, the projected point 


Q is the point on the line closest to P. Suppose that Q = e and P = (5). The distance 


from P to Q is y(x — a)? + (y — 6)?. But C) is on the line so y = 5g. Also, minimizing a 


positive quantity is the same as minimizing its square so we want x so that (x —a)?+ (5x —b)? 
is a minimum. Differentiating, 2(x — a) + 2 - 5(5x — b) = 0, or 52x = 2a + 10b. This means 
t= ža + žb, and y is 5 times this value, matching our previous answer. 


What about reflections? I think of things this way: We move from P to Q and then 
move the same distance along the same line to get from Q to R as in the figure below. 


Page 3 


How do we do this? You add Q — P to P to get from P to Q. To get from Q to 
R, we add the same quantity, Q — P again. That is, given P and Q, R = 2Q — P. If 


; 5 12 5 
130 TF eU _ a _ -2a + žb 
T if) (o) ( Ža + 736 . The 


A 5 
P= (3) o= (F12) ten 29 - P= 


5 25 
262 + 360 
matrix for this transformation is 


This matrix, called a reflection matrix, has the property that A? = I. That is, A is its own 
inverse. The reason for this is that if you do a reflection twice, you hop to the other side of 
the line and then back to where you started from. That is, doing a reflection twice leaves 
you unchanged (like flipping a light switch twice). 


There are other kinds of projections and reflections. The ones above are called orthog- 
onal, a fancy word for perpendicular because you move perpendicular to the line. We could 
move is some other direction, however. For example, we could move parallel to the line 
y = —« rather than the line perpendicular to l. This might be the new diagram: 
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The calculations would be very similar. In this case, moving (o) parallel to the line 


y = —Z means we want to know where y — b = —(x — a) intersects y = 5x. This will happen 
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when 52 = —x +a +b, or z = a(a +b), and y= (a+ b). The new projection transformation 


would be 1( j J 
zty : . 1/6 1/6 
8 (a “a , , with matrix ee 5/6)” 


Vip —2 1 
For the reflection, 2Q — P = 2 GE a — @ = ( ay l and the transformation 
g(a + y gt + 3Y 


z —2rz + ty —2/3 1/3 
_ a 3 : ; 
T C) = ( By 2y , with matrix 5/3 2/3). 


Again, A? = A for the projection and A? = J for the reflection. 


is 


There is a completely different approach to orthogonal projections and reflections that 
makes use of rotations. My apologies for not having a figure here, you will have to draw 
your own. You should probably do it as it might make things more understandable. 


There is a standard trick in mathematics for situations where you don’t know how to 
do a problem, but it sounds very similar to something you can do: convert to the situa- 
tion you understand, solve the problem there, then convert back to the original context. 
We can do that with projections and reflections. First, it is useful to have some notation 
for rotation matrices. Rotating by 0 counterclockwise is done using the rotation matrix 


= ee — sin 0 cos 0 y 


; . If we want to go clockwise, we can use R_g = f 
sin cos —siné cos 


Now there is one very easy case for projections and reflections: project onto the x-axis 
or through the z-axis. The formulas are C) > ) for the projection and a => E 
for the reflection. These transformations have matrices as well. If we let P(v) represent a 
projection and T (v) a reflection, we could write these simple transformations in matrix form 


eG) Pe ae 


Since we understand these so well, can we use them to handle other projections and reflec- 
tions? Of course I would not ask the question unless the answer were yes. Given the line 
y = mz, if we want to project onto it or reflect through it, here is what we can do: Rotate 
the plane so y = mz transforms into the x-axis, do the projection or reflection there, and 
then rotate back. We can do this in three steps: multiply by one rotation matrix, multiply 
by the projection (or reflection matrix) and them rotate back to the original orientation. If 
the line y = max makes an angle 0 with respect to the x-axis, we rotate 0 clockwise, project, 
then rotate 0 counterclockwise. Each time we do this, we perform a matrix multiplication 
by the appropriate matrix ON THE LEFT. We get the formula 


Po = RePoR_-o. 
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It remains to find 6. This is easy “in principle.” If y = maz, then m = tan 0, so 0 = arctan m. 


Let’s work out an example this way. We want the (orthogonal) projection and reflection 

through the line y = žr. We have 0 = arctan 2, Of course this is not a nice number. Still, 

we do not need 0, we only need sin @ and cos 8. By drawing the appropriate right triangle (I 

should have another figure here-the side opposite 0 should be 2, the side adjacent should be 
3 


3, the hypotenuse will be v13 ) we get sin 0 = a and cos@ = NES Our matrices are 


3 _ 2) 1 0 28-3 E2 
Re=( “¥8), w= (5g), Re=( ME *B), 
Va VG ae "VB VB 


and the resulting projection matrix is 


Biss i EN a ia E 3 2 
VB Vi 0 VB VB\)_(VB -ye\(ve B 
2 2 0 0 22 3 2 2 0 0 
J VB JB VB JB VB 


3 2 3 2 3 2 3 2 
ve a(t ? TE o a <a Views Oe eS 
T v13 greal = T E v13 TE Zz- 12/13 —5/13/ ` 


I almost never calculate projection and reflection matrices this way. I use the approach I 


(ss a3) 


outlined in class of finding the line through a point id orthogonal to y = mx. Where 
b 


a 


the two lines intersect is PG). To get the reflection, a 


} I first figure out how far 


b 


v= B) — a and then use the formula r(j) = PG) +v=2P & — a In the 


end, I change a to x and b to y. This method avoids the radicals of the other approach. You 
should feel free to use which ever method you find easier. 


moved to get to the projection: find v so that OENE ; , which has solution 
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